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Abstract – We deal with planar vortex structures in Maxwell-Higgs models in the presence of
a generalized magnetic permeability. The model under investigation engenders a real parameter
that controls the behavior of the tail of the solutions and of the quantities associated to them.
As the parameter gets larger, the solutions attain their boundary values faster, unveiling the
existence of a peculiar feature, the presence of double exponential tails. However, the solutions
are not compact so we call them quasi-compact vortices.
The study of defect structures such as kinks and vor-
tices has been of direct interest to high energy physics
[1–4]. Among the diverse applications, they may be use-
ful not only in high energy physics, but also in condensed
matter [5, 6], where they describe specific features asso-
ciated to magnetic materials, for instance. The asymp-
totic behavior of the solutions that describe topological
objects is important because it is associated to the force
between them and their scattering. The tail of the solu-
tion also plays a role in formation of structures and other
features [7]. In the case of kinks, the standard configu-
rations usually show an asymptotic behavior given by an
exponential function of the spatial coordinate. Recently,
several investigations dealing with kinks that present a
non exponential asymptotic behavior has appeared in the
literature [8–16]. In Refs. [8–12], the authors have studied
kinks that exhibit an asymptotic profile of the polynomial
type, in which the kinks presents an interesting collective
demeanor, with a long range interaction. On the other
hand, in Refs. [13–16], the authors investigated kinks that
engender a compact profile, attaining the boundary con-
ditions in a finite interval of the line, so the solution does
not present a tail; this makes the interaction between the
structures separated by a distance larger than the sum of
their widths vanish.
As one knows, in order to study vortices, one has to deal
with two fields that are coupled through an U(1) symme-
try [17]: a complex scalar and a gauge field. In this sce-
nario, the standard solutions and the quantities associated
to them, such as the magnetic field and the energy den-
sity, exhibit an asymptotic profile given by the product of
a polynomial with an exponential function of the radial co-
ordinate. In Refs. [18, 19], the authors introduced models
that support vortices with a compact profile. The models
engender a parameter that controls the asymptotic behav-
ior of the solutions. As the parameter increases, the tail
of the solutions shrinks to accommodate inside a compact
space. Furthermore, depending on the specific model, the
magnetic field compactifies into a disk [18] or ring [19].
In this letter, in the Maxwell-Higgs scenario with a gen-
eralized magnetic permeability, we investigate the pres-
ence of solutions that exhibit double exponential tails,
which we call quasi -compact vortices. The investigation is
inspired by Ref. [20], in which we studied quasi-compact
Q-balls. In the present work, however, we consider (2, 1)
spacetime dimensions and the Lagrange density given by
L = − 1
4µ(|ϕ|)FαβF
αβ + |Dαϕ|2 − V (|ϕ|). (1)
Here, we work with dimensionless fields and coordinates.
The above model describes two fields: ϕ, which is a com-
plex scalar field, and Aα, a gauge field; they are coupled
through the U(1) local symmetry. The electromagnetic
tensor is Fαβ = ∂αAβ−∂βAα and the covariant derivative
has the form Dα = ∂α+ iAα. The function V (|ϕ|) denotes
the potential and µ(|ϕ|) stands for a generalized magnetic
permeability. We suppose µ(|ϕ|) is nonnegative and take
the metric tensor ηαβ = (1,−1,−1). It is straightforward
to see that the Nielsen-Olesen model [17, 21] is recovered
for µ(|ϕ|) = 1.
The Lagrange density (1) has the following associated
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equations of motion
DαD
αϕ+
ϕ
2|ϕ|
(
−µ|ϕ|
4µ2
FαβF
αβ + V|ϕ|
)
= 0, (2a)
∂α
(
1
µ
Fαβ
)
= Jβ . (2b)
We are using µ|ϕ| = dµ/d|ϕ| and V|ϕ| = ∂V/∂|ϕ|, and in
the latter expression, we have Jα = i(ϕDαϕ− ϕDαϕ) .
To investigate the presence of vortices, we consider
static configurations. We also take A0 = 0, which leads to
electrically neutral structures as one can show by setting
ν = 0 in Eq. (2b). For the other functions, the following
ansatz is considered:
ϕ = g(r)einθ and ~A =
θˆ
r
(n− a(r)), (3)
where n is an integer number that represents the vorticity.
In this case, a(r) and g(r) obey the boundary conditions
g(0) = 0, a(0) = n, (4a)
g(∞) = 1, a(∞) = 0, (4b)
One can use the definition of magnetic field, B = −F 12,
to show that, combined with the ansatz (3), it takes the
form
B = −a
′
r
, (5)
where the prime represents derivation with respect to the
radial coordinate. The specific form of the magnetic field
in the above equation allows us to show that its flux is
quantized
Φ = 2pi
∫ ∞
0
rdrB = 2pin. (6)
The ansatz (3) transforms the equations of motion for our
fields into
1
r
(rg′)′ =
a2g
r2
− µga
′2
4µ2r2
+
1
2
Vg, (7a)
r
(
a′
µr
)′
= 2ag2. (7b)
These equations of motion are nonlinear second order dif-
ferential equations that couple a(r) and g(r). So, they
are very hard to be solved. To simplify the problem,
let us search for first order differential equations that are
compatible with the above equations of motion. As one
knows, the invariance of the Lagrange density in Eq. (1)
over spacetime translations lead to an energy momentum
tensor, which we denote by Tαβ . In particular, the energy
density is given by ρ ≡ T00. One can show that, with the
ansatz (3), the energy density is given by
ρ =
a′2
2µ(g) r2
+ g′2 +
a2g2
r2
+ V (g). (8)
Notice that the condition µ(|ϕ|) ≥ 0 in the interval of ex-
istence of the solution contribute to avoid the presence of
negative energies. To find the aforementioned first order
equations, one can follow Refs. [22–24], which develops the
Bogomol’nyi procedure [25, 26], writing the above expres-
sion as a sum of squared terms and a total derivative. The
formalism requires the potential to be
V (|ϕ|) = µ(|ϕ|)
2
(
1− |ϕ|2)2 . (9)
The first order equations arise in the case of minimum
energy, given by E = 2pi|n|, in which the functions a(r)
and g(r) must obey
g′ = ±ag
r
, (10a)
−a
′
r
= ±µ(g) (1− g2) . (10b)
The pair of equations for the lower signs (negative vor-
ticity) are related to the one for the upper signs (positive
vorticity) by the change a → −a. For simplicity, we only
work with the upper signs and n = 1. The presence of
these first order equations also ensures the stability of the
solutions under rescaling; see Ref. [27]. We see that the
generalized magnetic permeability appears in the above
first order equations and in the potential (9). One must
be careful when chosing it, since it must lead to poten-
tials with proper behavior and finite energy configurations
whose solutions are compatible with the boundary condi-
tions in Eq. (4). The above first order equations also allow
us to write
ρ =
a′2
µ(g) r2
+ 2g′2. (11)
As we have commented before, the standard first order
vortex equations, investigated by Bogomol’nyi in Ref. [25],
is recovered for µ(|ϕ|) = 1. In this case, the potential in
Eq. (9) has the form
Vs(|ϕ|) = 1
2
(
1− |ϕ|2)2 (12)
and the first order equations (10) become
g′s =
asgs
r
, (13a)
−a
′
s
r
= 1− g2s , (13b)
where the s index stands for the standard solutions. The
analytical solutions of the above equations remain un-
known. Thus, one must use a numerical approach to calcu-
late them. The result can be found in Ref. [21], so we omit
further details here. The asymptotic behavior can be esti-
mated by taking a(r) = 0 +aasy(r) and g(r) = 1− gasy(r)
in the above first order equations up to linear terms in
aasy and gasy. Here, we obtain
aasy = λ
√
r e−
√
2 r and gasy = λ
e−
√
2 r
√
2 r
, (14)
p-2
Quasi-compact vortices
where λ is an integration constant that can be used to fit
the solutions found through numerical simulations. Both
solutions vanish far from the origin. Even though they
present an exponential factor, we see that gasy(r) van-
ishes faster than aasy(r) due to the presence of a power
of the radial coordinate in the denominator. We remark
here that the profile of these solutions are different from
the ones for kinks in (1, 1) spatial dimensions, in which
the asymptotic behavior is controlled by an exponential,
without polynomial factors of the spatial coordinate.
We can also use µ(|ϕ|) = |ϕ|2. In this case, the po-
tential in Eq. (9) becomes a |ϕ|6 potential, and the first
order equations (10) reproduce the very same first order
equations of the Chern-Simons model [28,29].
We further notice that the presence of the generalized
magnetic permeability µ(|ϕ|) changes the asymptotic be-
havior of the solutions. By taking a similar approach as in
the standard case, one can show that, in the general case,
Eq. (14) changes to
aasy = λ
√
r e−
√
2µ(1) r and gasy = λ
e−
√
2µ(1) r√
2µ(1) r
, (15)
where λ is an integration constant. This expression works
only for finite µ(1), such that µ(1) > 0. One must be care-
ful with the possibility of including infinite and null mag-
netic permeabilities, which must be treated separately, in
a case-by-case investigation.
By observing the form of aasy(r) and gasy(r) in Eq. (15),
we notice that µ(1) controls the asymptotic behavior of
the solution: if µ(1) gets larger, the tail of the solutions
becomes smaller. This property was used in Ref. [18] to
compactify the vortex, in particular with
µk(|ϕ|) = 1− |ϕ|
2k
1− |ϕ|2 , (16)
where k is a non negative real parameter. In this case, the
first order equations (10) become
g′ =
ag
r
(17a)
−a
′
r
= 1− g2k. (17b)
We can see that, as k increases, the tail of each solution
shrinks more and more, because µ(1) = k. In the limit
k →∞, the solutions become compact, with the analytical
form
ac(r) =
{
1− 12r2, r ≤
√
2,
0, r >
√
2.
(18a)
gc(r) =
{
r√
2
e(2−r
2)/4, r ≤ √2,
1, r >
√
2.
(18b)
Here, the c index denotes the compact profile. Both the
energy density and the magnetic field associated to these
solutions are compact. An interesting feature, in particu-
lar, is that the magnetic field is uniform inside the compact
space. Since vortices become strings when studied in three
spatial dimensions, this behavior maps the magnetic field
of an infinitely long solenoid.
Next, we use a similar argument to find an unprece-
dented feature regarding the asymptotic behavior of the
vortex: the double exponential tail. We first introduce
model whose generalized magnetic permeability is con-
trolled by the function
µl(|ϕ|) = l2
(
1− ∣∣1− |ϕ|2∣∣2/l)2 , (19)
where l is a non-negative real parameter. Here, we have
µ(1) = l2, which is associated to the asymptotic demeanor
of the solutions. From Eq. (15), we get that, as l increases,
both g(r) and a(r) attain their boundary values faster,
with their tail shrinking more and more. One may think
that this behavior leads to a compact profile as in the case
described by the magnetic permeability in Eq. (16). Here,
however, we get a distinct behavior, associated to solutions
with double exponential tails, which we call quasi -compact
vortices, since they engender a tail suppression that is
much stronger than the standard vortex (that presents
exponential tail) and arise in a model similar to the one
that supports compact vortices [18] and also, to another
one in which we investigated quasi -compact Q-balls [20].
To see how this works explicitly, we notice that the limit
l→∞ is special; indeed, one can show that the magnetic
permeability in Eq. (19) takes the form
µ∞(|ϕ|) = ln2
(
1− |ϕ|2)2 . (20)
In this case, the asymptotic behavior of the solutions ad-
mit the form
g(r) ≈ 1− 1
2
e−λe
σr
and a(r) ≈ λσ
2
reσre−λe
σ r
, (21)
with σ = 2
√
2. Here, λ is an integration constant that
can be used to fit the curves associated to these expres-
sions with the numerical simulation. The above expres-
sions show that the solutions engender a double exponen-
tial tail. Therefore, the solutions go faster to their bound-
ary values as l increases, with their tail approaching to
above double exponential profile. They arise in the limit
l → ∞, with infinite µ∞(1), but are not compact as in
the case described by Eq. (16) with k → ∞; so, we call
them quasi -compact solutions. By remembering that the
polynomial (1− er/l)l tends to e−er for l→∞, we can see
there is no way to make a connection between the double
exponential and the expressions in Eq. (15), which are the
lowest order approximations of e−r, because we need the
contributions in all orders of exponentials to do so.
Considering the form of the magnetic permeability given
by Eq. (19), the potential in Eq. (9) becomes
Vl(|ϕ|) = l
2
2
(
1− |ϕ|2)2 (1− ∣∣1− |ϕ|2∣∣2/l)2 . (22)
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Fig. 1: The potential in Eq. (22) for l = 1 (dotted line),
2, 4, 8, 16, 32 and the limit l→∞ in Eq. (23) (dashed line).
In the limit l→∞, we get
V∞(|ϕ|) = 1
2
(
1− |ϕ|2)2 ln2∣∣1− |ϕ|2∣∣2 . (23)
In Fig. 1, we display the potential for several values of l,
including the above limit. We are interested in the interval
|ϕ| ∈ [0, 1], which is the one where the vortex exists. As
one can see in the figure, |ϕ| = 0 and |ϕ| = 1 are minima
of the potential connected by the scalar field solution and
|ϕm|2 = 1−(l/(l + 4))l/2 is a set of maximum points whose
limit for l→∞ is |ϕm| =
√
1− 1/e2.
The first order equation (10a) does not depend on µ(g).
We must solve it combined with Eq. (10b), which becomes
− a
′
r
= l2(1− g2)
(
1− (1− g2)2/l)2 . (24)
In the limit l→∞, we get
− a
′
r
= (1− g2) ln2(1− g2)2 . (25)
We have not been able to find analytical solutions of the
above equations, so we used numerical procedures to cal-
culate the solutions, which are displayed in Fig. 2. The
solution g(r), associated to the scalar field, connects the
minimum |ϕ| = 0 and the set of minima described by
|ϕ| = 1. As we can see, as l increases, the solutions at-
tain their boundary values faster. At first glance, one may
think the solutions are compactifying as in Refs. [18,19,30].
Nevertheless, as we have shown in Eq. (21), the dashed
solutions are not compact: they engender a double expo-
nential tail. In order to highlight this feature, we call the
structure a quasi -compact vortex.
The magnetic field is given by Eq. (5); it is plotted in
Fig. 3. Due to the form of the first order equations Eq. (24)
and (25), the peak of the magnetic field appears when g(r)
attains a value that is the maximum point of the potential
in |ϕ| ∈ [0, 1]. The energy density comes from Eq. (11);
we depict it in Fig. 4.
The planar profiles in the figures show that the magnetic
field has the form of a ring and the energy density has the
form of a disk. Both of them shrink as l increases and
Fig. 2: The vortex solutions a(r) (ascending lines) and g(r)
(descending lines) for l = 1 (dotted lines), 2, 4, 8, 16, 32 and
the limit l→∞ (dashed lines).
we see that the blur that appear in the external boundary
almost disappear when l is very large; this highlights the
quasi -compact character of the vortex. In fact, one can
use the asymptotic behavior in Eq. (21) to show that the
magnetic field and the energy density, far from the origin,
have the form
B(r) ≈ λ
2σ2
2
eσre−λe
σr
, (26a)
ρ(r) ≈ λ
2σ4
8
e2σre−2λe
σr
. (26b)
Fig. 3: In the top panel, we show the magnetic field for l = 1
(dotted line), 2, 4, 8, 16, 32 and the limit l→∞ (dashed line).
In the bottom panels, we show the magnetic field in the plane
for l = 1 (left) and for the limit l → ∞ (right). The darkness
of the color is related to the intensity of the magnetic field.
p-4
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Fig. 4: The energy density for l = 1 (dotted line), 2, 4, 8, 16, 32
and the limit l → ∞ (dashed line). In the bottom panels, we
show the energy density in the plane for l = 1 (left) and for
the limit l → ∞ (right). The darkness of the color is related
to the intensity of the energy density.
These expressions describe the tail of B(r) and ρ(r), show-
ing that they both disappear as r increases due to the
double exponential factor. Since the asymptotic behavior
of all quantities associated to the vortex is controlled by
the double exponential function, the structure describes a
quasi-compact vortex.
The presence of the new quasi-compact behavior sug-
gests that we investigate other possibilities. In particu-
lar, since the tail of these structures dies out faster than
usual, one may investigate how they interact with them-
selves. In this case, we expect the interaction to be of a
short range type. One may also exchange the Maxwell
term for the Chern-Simons [28, 29] one to investigate the
presence of quasi -compact vortices with electrical charge.
Another direction is to try to add an extra U(1) symmetry,
to accommodate additional fields that include the hidden
sector in our model [31, 32], to see how the double expo-
nential tail modifies the hidden vortex. Since the potential
in Fig. 1 contains the minima |ϕ| = 0, 1 and √2, it would
be of interest to search for other solutions. These issues
are currently under investigation and we hope to report
on them in the near future.
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